
Problems 103 

control of the y-axis motion is shown in Figure 2P-49. The force equation of motion in the y-
direction is 

where ATy = 0.5 N-m/m and M = 500 kg. The magnetic actuators are controlled through state 
feedback, so that 

f(,) = -KPy(t)-KD^-

(a) Draw a functional block diagram for the system. 

(b) Find the characteristic equation of the closed-loop system. 

(c) Find the region in the A^-versus-A-/* plane in which the system is asymptotically stable. 

2-50. An inventory-control system is modeled by the following differential equations: 

dxAt) 
dt 

dx2(t] 

= -x2(t) + u{t) 

= -Ku(t) 
dt 

where Xi(t) is the level of inventory; x2(t), the rate of sales of product; u(t), the production rate; and if, 
a real constant. Let the output of the system by y(t) — X] (t) and r(t) be the reference set point for the 
desired inventory level. Let u(t) = r(t) - y(t). Determine the constraint on K so that the closed-loop 
system is asymptotically stable. 

2-51. Use MATLAB to solve Problem 2-50. 

2-52. Use MATLAB to 

(a) Generate symbolically the time function of f(t) 

-2f •„/«« , n \ A-2I A , n \ , -5 „-4/ f(t) =5+ 2e-ztsinl It + - J - 4<Tz'cos( It - -) + 3e 

(b) Generate symbolically G(s) = 
s(s + 2)(s2+2s + 2) 

(c) Find the Laplace transform of ftf) and name it F(s). 

(d) Find the inverse Laplace transform of G(s) and name it g(t). 

(e) If G(s) is the forward-path transfer function of unity-feedback control systems, find the transfer 
function of the closed-loop system and apply the Routh-Hurwitz criterion to determine its stability. 

(f) If F(s) is the forward-path transfer function of unity-feedback control systems, find the transfer 
function of the closed-loop system and apply the Routh-Hurwitz criterion to determine its stability. 



CHAPTER 3 
Block Diagrams and 
Signal-Flow Graphs 

In this chapter, we discuss graphical techniques for modeling control systems and their 
underlying mathematics. We also utilize the block diagram reduction techniques and the 
Mason's gain formula to find the transfer function of the overall control system. Later on in 
Chapters 4 and 5, we use the material presented in this chapter and Chapter 2 to fully model 
and study the performance of various control systems. The main objectives of this chapter are: 

1. To study block diagrams, their components, and their underlying mathematics. 

2. To obtain transfer function of systems through block diagram manipulation and 
reduction. 

3. To introduce the signal-flow graphs. 

4. To establish a parallel between block diagrams and signal-flow graphs. 

5. To use Mason's gain formula for finding transfer function of systems. 

6. To introduce state diagrams. 

7. To demonstrate the MATLAB tools using case studies. 

3-1 BLOCK DIAGRAMS 

The block diagram modeling may provide control engineers with a better understanding 
of the composition and interconnection of the components of a system. Or it can be used, 
together with transfer functions, to describe the cause-and-effect relationships throughout 
the system. For example, consider a simplified block diagram representation of the heating 
system in your lecture room, shown in Fig. 3-1, where by setting a desired temperature, also 
defined as the input, one can set off the furnace to provide heat to the room. The process is 
relatively straightforward. The actual room temperature is also known as the output and is 
measured by a sensor within the thermostat. A simple electronic circuit within the 
thermostat compares the actual room temperature to the desired room temperature 
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Figure 3-1 A simplified block diagram representation of a heating system. 
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Figure 3-2 (a) Block diagram of a dc-motor control system, (b) Block diagram with transfer 
functions and amplifier characteristics. 

(comparator). If the room temperature is below the desired temperature, an error voltage 
will be generated. The error voltage acts as a switch to open the gas valve and turn on the 
furnace (or the actuator). Opening the windows and the door in the classroom would cause 
heat loss and, naturally, would disturb the heating process (disturbance). The room 
temperature is constantly monitored by the output sensor. The process of sensing the output 
and comparing it with the input to establish an error signal is known as feedback. Note that 
the error voltage here causes the furnace to turn on, and the furnace would finally shut off 
when the error reaches zero. 

As another example, consider the block diagram of Fig. 3-2 (a), which models an open-
loop, dc-motor, speed-control system. The block diagram in this case simply shows how the 
system components are interconnected, and no mathematical details are given. If the 
mathematical and functional relationships of all the system elements are known, the block 
diagram can be used as a tool for the analytic or computer solution of the system. In general, 
block diagrams can be used to model linear as well as nonlinear systems. For example, the 
input-output relations of the dc-motor control system may be represented by the block 
diagram shown in Fig. 3-2 (b). In this figure, the input voltage to the motor is the output of the 
power amplifier, which, realistically, has a nonlinear characteristic. If the motor is linear, or, 
more appropriately, if it is operated in the linear region of its characteristics, its dynamics can 
be represented by transfer functions. The nonlinear amplifier gain can only be described in 
time domain and between the time variables v,<0 and va(t), Laplace transform variables do 
not apply to nonlinear systems; hence, in this case, Vt{s) and Va(s) do not exist. However, if the 
magnitude of v,{t) is limited to the linear range of the amplifier, then the amplifier can be 
regarded as linear, and the amplifier may be described by the transfer function 

Vi(s) 
= K (3-1) 

where K is a constant, which is the slope of the linear region of the amplifier characteristics. 
Alternatively, we can use signal-flow graphs or state diagrams to provide a graphical 

representation of a control system. These topics are discussed later in this chapter. 
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3-1-1 Typical Elements of Block Diagrams in Control Systems 

We shall now define the block-diagram elements used frequently in control systems and the 
related algebra. The common elements in block diagrams of most control systems include: 

• Comparators 

• Blocks representing individual component transfer functions, including: 
• Reference sensor (or input sensor) 
• Output sensor 
• Actuator 
• Controller 
• Plant (the component whose variables are to be controlled) 

• Input or reference signals 

• Output signals 

• Disturbance signal 

• Feedback loops 

Fig. 3-3 shows one configuration where these elements are interconnected. You may 
wish to compare Fig. 3-1 or Fig. 3-2 to Fig. 3-3 to find the control terminology for each 
system. As a rule, each block represents an element in the control system, and each element 
can be modeled by one or more equations. These equations are normally in the time domain 
or preferably (because of ease in manipulation) in the Laplace domain. Once the block 
diagram of a system is fully constructed, one can study individual components or the 
overall system behavior. 

One of the important components of a control system is the sensing and the electronic 
device that acts as a junction point for signal comparisons—otherwise known as a 
comparator. In general, these devices possess sensors and perform simple mathematical 
operations such as addition and subtraction (such as the thermostat in Fig. 3-1). Three 
examples of comparators are illustrated in Fig. 3-4. Note that the addition and subtraction 
operations in Fig. 3-4 (a) and (b) are linear, so the input and output variables of these block-
diagram elements can be time-domain variables or Laplace-transform variables. Thus, in 
Fig. 3-4 (a), the block diagram implies 

e(t)=r{t)-y{t) (3-2) 

or 

E(s)=R(s)-Y(s) (3-3) 

As mentioned earlier, blocks represent the equations of the system in time domain or the 
transfer function of the system in the Laplace domain, as demonstrated in Fig. 3-5. 

Disturbance 

Input Reference 
Sensor Controller Actuator Plant 

Output 

Output 
Sensor 

Figure 3-3 Block diagram representation of a general control system. 
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Figure 3-4 Block-diagram elements of typical sensing devices of control systems, (a) Subtraction, 

(b) Addition, (c) Addition and subtraction. 
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domain diagrams. 
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X (s) = G (s) V {s) (3-4) 

If s igna l X(s) is t he output and s ignal U(s) denotes the input , the transfer funct ion of the 

b l o c k in F ig . 3-5 is 

G(s) = 
no 
U(s) 

(3-5) 

Typical block elements that appear in the block diagram representation of most control 
systems include plant, controller, actuator, and sensor. 

EXAMPLE 3-1-1 Consider the block diagram of two transfer functions G\(s) and G2(s) that are connected in series. 

Find the transfer function G(s) of the overall system. 

SOLUTION The system transfer function can be obtained by combining individual block equations. 

Hence, for signals A(s) and X(s), we have 
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U(s) 
G, (s) 

A(s) 
GAs) 

X(s) Figure 3-6 Block diagrams G^s) and 
G2(s) connected in series. 

Hence, 

X(s) = A(s)G2{s) 

A(s) = U(s)Gi(s) 

X(s) = Gi(s)G2(s)U(s) 

X(s) 
G(s) = 

U(s) 

G(s)=Gi(s)G2(S) (3-6) 

Hence, using Eq. (3-6), the system in Fig. 3-6 can be represented by the system in Fig. 3-5. 

i. EXAMPLE 3-1-2 Consider a more complicated system of two transfer functions G\(s) and G2(s) that are connected in 
parallel, as shown in Fig. 3-7. Find the transfer function G(s) of the overall system. 

SOLUTION The system transfer function can be obtained by combining individual block equations. 
Note for the two blocks Gi(s) and G2(s), A,(.9) acts as the input, and A2(s) and A3(.y) are the outputs, 
respectively. Further, note that signal U(s) goes through a branch pointP to become A{(s). Hence, for 
the overall system, we combine the equations as follows. 

* i (*) = */(*) 

A1(s)-=Al(s)G1{s) 

A3(s)=A1{s)G2(s) 

X{s) = A2(s) + .43(5) 

X(s) = U(s)(G{(s) + G2(s)) 

X(s) 
G(S) = 

U[s) 

Hence, 

GO) =Gi(s) + G2{s) (3-7) 

For a system to be classified as a feedback control system, it is necessary that the controlled 
variable be fed back and compared with the reference input. After the comparison, an error signal is 
generated, which is used to actuate the control system. As a result, the actuator is activated in the 
presence of the error to minimize or eliminate that very error. A necessary component of every 
feedback control system is an output sensor, which is used to convert the output signal to a quantity 
that has the same units as the reference input. A feedback control system is also known a closed-loop 
system. A system may have multiple feedback loops. Fig. 3-8 shows the block diagram of a linear 
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Figure 3-7 Block diagrams G,(,y) and 
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-) connected in parallel. 
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Figure 3-8 Basic block diagram of a 
feedback control system. 

feedback control system with a single feedback loop. The following terminology is defined with 
reference to the diagram: 

r(t), R(s) = referenceinput(command) 

y(t), Y(s) — output (controlled variable) 

b{t), B{s) = feedback signal 

u(t), U(s) = actuating signal = error sign a\e(t),E(s), when H(s) = 1 

//(.?) = feedback transfer function 

G(s)H(s) = L(s) = loop transfer function 

G(s) = forward-path transfer function 

M(s) = Y(s)/R(s) = closed-loop transfer function or system transfer function 

The closed-loop transfer function M{s) can be expressed as a function of G(s) and H(s). From Fig. 3-8, 
we write 

Y{s) = G(s)U(s) (3-8) 

and 
B(s) = H{s)Y(s) (3-9) 

The actuating signal is written 

U(s) = R(s) - B{s) (3-10) 

Substituting Eq. (3-10) into Eq. (3-8) yields 

Y(s) = G{s)R{s) - G{s)H{s) (3-11) 

Substituting Eq. (3-9) into Eq. (3-7) and then solving for Y(s)/R(s) gives the closed-loop transfer 
function 

Y(s) G(s) 
M(s) = 

R(s) 1 + G(s)H(s) 
(3-12) 

The feedback system in Fig. 3-8 is said to have a negative feedback loop because the comparator 
subtracts. When the comparator adds the feedback, it is called positive feedback, and the transfer 
function Eq. (3-12) becomes 

Y(s) G(s) 
M(s) = 

R{s) 1 - G(s)H(s) 
(3-13) 

If G and H are constants, they are also called gains. If H = 1 in Fig. 3-8, the system is said to have a 
unity feedback loop, and if / / = 0, the system is said to be open loop. 

3-1-2 Relation between Mathematical Equations and Block Diagrams 

Consider the following second-order prototype system: 

x(t) +21; (onx (f) + a>l x (/) = 0)1 u {t) (3-14) 
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2&„2X(s) 

0)„2X(s) 
Figure 3-9 Graphical representation of Eq. (3-17) 
using a comparator. 

which has Laplace representation (assuming zero initial conditions x(0) = i ( 0 ) = 0): 

X(s)s2 + 2tconX(s)s + co2
nX{s) = o>2

n U(s) (3-15) 

Eq. (3-15) consists of constant damping ratio £, constant natural frequency co„, input U(s), 
and output X(s). If we rearrange Eq. (3-15) to 

o?nV (s) - 2S<0nX (s)s - co2
nX(s) =X(s)s7 (3-16) 

it can graphically be shown as in Fig. 3-9. 
The signals 2%(o„sX(s) and co2X(s) may be conceived as the signal X(s) going into 

blocks with transfer functions 2£(o„s and 0%, respectively, and the signal X(s) may be 
obtained by integrating s2X(s) twice or by post-multiplying by •—, as shown in Fig. 3-10. 

Because the signals X(s) in the right-hand side of Fig. 3-10 are the same, they can be 
connected, leading to the block diagram representation of the system Eq. (3-17), as shown 
in Fig. 3-11. If you wish, you can further dissect the block diagram in Fig. 3-11 by factoring 
out the term - as in Fig. 3-12(a) to obtain Fig. 3-12(b). 

If the system studied here corresponds to the spring-mass-damper seen in Fig. 4-5 (see 
Chapter 4), then we can designate internal variables A(s) and V(s), which represent 
acceleration and velocity of the system, respectively, as illustrated in Fig. 3-12. The best 
way to see this is by recalling that ~ is the integration operation in Laplace domain. Hence, 
if A(s) is integrated once, we get V(s), and after integrating V(s), we get the X(s) signal. 

It is evident that there is no unique way of representing a system model with block 
diagrams. We may use different block diagram forms for different purposes, as long as the 
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Figure 3-12 (a) Factorization of | term in the internal feedback loop of Fig. 3-11. (b) Final block 
diagram representation of Eq. (3-17) in Laplace domain. 
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Figure 3-13 Block diagram of 
Eq. (3-17) in Laplace domain with V(s) 
represented as the output. 

overall transfer function of the system is not altered. For example, to obtain the transfer 
function V(s)/U(s), we may yet rearrange Fig. 3-12 to get V(s) as the system output, as 
shown in Fig. 3-13. This enables us to determine the behavior of velocity signal with 
input U(s). 

EXAMPLE 3-1-3 Find the transfer function of the system in Fig. 3-12 and compare that to the transfer function of 
system in Eq. (3-15). 

SOLUTIONS The cof, block at the input and feedback signals in Fig. 3-12(b) may be moved to the 
right-hand side of the comparator. This is the same as factorization of co\ as shown: 

a>2
nU(s) -arHX(s) =col(U(s)-X(s)) (3-17) 

Fig. 3-14(a) shows the factorization operation of Eq. (3-17), which results in a simpler block diagram 
representation of the system shown in Fig. 3-14 (b). Note that Fig. 3-12(b) and Fig. 3-14(b) are 
equivalent systems. 



112 Chapter 3. Block Diagrams and Signal-Flow Graphs 

U(s) + O A(s) 

U(s) + 

(a) 

"^ > 

S 
co,,2 i 

20¾ 4 

^ 

V(s) 
W 

1 
s 

X(s) 
W 

(b) 

Figure 3-14 (a) Factorization of co2
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representation of S2+2?W„.S-K4-

Considering Fig. 3-12(b), it is easy to identify the internal feedback loop, which in turn can be 
simplified using Eq. (3-12), or 

Vfc) 
Ms) 

I 
2?a>» .y + 2fa>„ 

(3-11 

After pre- and post-multiplication by (o'j and j , respectively, the block diagram of the system is 
simplified to what is shown in Fig. 3-15, which ultimately results in 

cor. 

cot 

1+-
s2+2ta>ns + col 

(3-19) 

Eq. (3-19) is also the transfer function of system Eq. (3-15). 

EXAMPLE 3-1-4 Find the velocity transfer function using Fig. 3-13 and compare that to the derivative of Eq. (3-19). 

SOLUTIONS Simplifying the two feedback loops in Fig. 3-13, starting wilh the internal loop first, 
we have 

U(s) 

V(s) 

1 + 
2ffifc " 

1 + 
1 + 

2^0),, 

U{s) s2 +2$aj„s + a£ 
(3-20) 
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Eq. (3-20) is the same as the derivative of Eq. (3-19), which is nothing but multiplying Eq. (3-19) by 
an s term. Try to find the A(s)/U(s) transfer function. Obviously you must get: s2X(s)/U(s). 

3-1-3 Block Diagram Reduction 

As you might have noticed from the examples in the previous section, the transfer function 
of a control system may be obtained by manipulation of its block diagram and by its 
ultimate reduction into one block. For complicated block diagrams, it is often necessary to 
move a comparator or a branch point to make the block diagram reduction process 
simpler. The two key operations in this case are: 

1. Moving a branch point from P to Q, as shown in Fig. 3-16(a) and Fig. 3-16(b). 
This operation must be done such that the signals Y(s) and B(s) are unaltered. In 
Fig. 3-16(a), we have the following relations: 

Y(s)^A(s)G2(S) 

B(s) ^ Y(s)Hi(s) 
(3-21) 

In Fig. 3-16(b), we have the following relations: 

Y(s)~A(s)G2(s) 

B(s)=A(s) 
(3-22) 

But 

<h(') = 

G2(s) 

AW 
Y(s) 

B(s) = Y{s)Hi{s) 

(3-23) 

2. Moving a comparator, as shown in Fig. 3-17(a) and Fig. 3-17(b), should also be 
done such that the output Y(s) is unaltered. In Fig. 3-17(a), we have the following 
relations: 

Y(s)=A(s)G2(S)+B(s)H1(S) (3-24) 
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Figure 3-16 (a) Branch point relocation 
from point P to (b) point Q. 



114 • Chapter 3. Block Diagrams and Signal-Flow Graphs 

(a) 
Ms) 

B(s) H,(s) 

(b) 

B(s) + 

Ms) 

H,(s) 
G2(s) 

Y,(s) 
• G2(s) + Y(s) 

Figure 3-17 (a) Comparator relocation 
from the right-hand side of block G2(.v) to 
(b) the left-hand side of block G2(.*). 

In Fig. 3-17(b), we have the following relations: 

G2(s) 
Y(s) = Yi(s)C2(s) 

So 

(3-25) 

Y(s)=A(s)G2(S)+B(s)pf±G2(s) 
G2[s) 

Y(s)=A{s)G2(s) + B(s)H]{s) 

(3-26) 

EXAMPLE 3-1-5 Find the input-output transfer function of the system shown in Fig. 3-17(a). 

SOLUTION To perform the block diagram reduction, one approach is to move the branch point at Y\ 
to the left of block G2, as shown in Fig. 3-18(b). After that, the reduction becomes trivial, first by 
combining the blocks G2> G3, and G4 as shown in Fig. 3-18(c), and then by eliminating the two 

H, 4 

» G, 

(a) 

Figure 3-18 (a) Original block diagram, (b) Moving the branch point at Y\ to the left of block G2. (c) 
Combining the blocks G\, G2, and G3. (d) Eliminating the inner feedback loop. 
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feedback loops. As a result, the transfer function of the final system after the reduction in Fig. 3-18(d) 
becomes 

C1G2G3 -I- G1G4 m = 
E{s) 1 + G] G2//i + G| G2G3 + G] G4 

(3-27) 

3-1-4 Block Diagram of Multi-Input Systems—Special Case: Systems with a Disturbance 

An important case in the study of control systems is when a disturbance signal is present. 
Disturbance (such as heat loss in the example in Fig. 3-1) usually adversely affects the 
performance of the control system by placing a burden on the controller/actuator compo
nents. A simple block diagram with two inputs is shown in Fig. 3-19. In this case, one of the 
inputs, D(s), is known as disturbance, while R(s) is the reference input. Before designing a 
proper controller for the system, it is always important to learn the effects of D(s) on the 
system. 

We use the method of superposition in modeling a multi-input system. 

Super Position: For linear systems, the overall response of the system under 
multi-inputs is the summation of the responses due to the individual inputs, i.e., in this case, 

ytotal - YR\D=Q + YD\R={ (3-28) 
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Figure 3-20 Block diagram of the 
system in Fig. 3-19 when D(s) = 0. 

When D(s) = 0, the block diagram is simplified (Fig. 3-20) to give the transfer function 

Y(s) Gi (4-)02(5) 

R(s) l+Gi(s)G2Hl(s) 

When R(s) — 0, the block diagram is rearranged to give (Fig. 3-21): 

Y(s) = -G2(s) 
D(s) l + G](s)G2(s)Hi(s) 

(3-29) 
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Figure 3-21 Block diagram of the 
system in Fig. 3-19 when R(s) = 0. 
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As a result, from Eq. (3-28) to Eq. (3-32), we ultimately get 

* total — 

Y{s) = 

Y(s) 

R(s) 

Y(s) 

DJis)+m D(s 
R=0 

G\G2 

1 +G{G2H 
•R(s) + 

•G2 

(3-31) 

l+GiG2H] 
D(s) 

Observations: jf|D_Q and gL_ 0 have the same denominators if the disturbance signal 
goes to the forward path. The negative sign in the numerator of ^ L = 0 shows that the 
disturbance signal interferes with the controller signal, and, as a result, it adversely affects 
the performance of the system. Naturally, to compensate, there will be a higher burden on 
the controller. 

3-1-5 Block Diagrams and Transfer Functions of Multivariable Systems 

In this section, we shall illustrate the block diagram and matrix representations (see 
Appendix A) of multivariable systems. Two block-diagram representations of a multi-
variable system with/? inputs and q outputs are shown in Fig. 3-22(a) and (b). In Fig. 3-22 
(a), the individual input and output signals are designated, whereas in the block diagram of 
Fig. 3-22(b), the multiplicity of the inputs and outputs is denoted by vectors. The case of 
Fig. 3-22(b) is preferable in practice because of its simplicity. 

Fig. 3-23 shows the block diagram of a multivariable feedback control system. The 
transfer function relationships of the system are expressed in vector-matrix form (see 
Appendix A): 

1-, (t) 

r2(t) — 

r tt\ rpW 

• 

• 

' W 

MULTIVARIABLE 
SYSTEM 

Y(s) = G(.v)U(.v) 

V(s) = R(s) - B(s) 

B(s) = H(s)Y(s) 

k vt(r) 

b V (A 

• \q(t) 

(3-32) 

(3-33) 

(3-34) 

(a) 

r(r) MULTIVARIABLE 
SYSTEM 

(b) 

-> y(0 

Figure 3-22 Block diagram representations of 
a multivariable system. 
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R(s) U(.v) 

Bfc) 

G(s) 
Y(6~) 

H(5) 
Figure 3-23 Block diagram of a multivariable 
feedback control system. 

where Y(s) is the q x 1 output vector; U(.v), R(s), and B(s) are all p x 1 vectors; and GO) 
and HO?) are <? x p and p x q transfer-function matrices, respectively. Substituting Eq. 
(3-11) into Eq. (3-10) and then from Eq. (3-10) to Eq. (3-9), we get 

Y(*) = G(*)R(*) -G(*)H(5)Y(5) (3-35) 

Solving for Y(s) from Eq. (3-12) gives 

Y(.) = [I + G(.v)H(.)]-,G(.ORW (3-36) 

provided that I + G(s)H(s) is nonsingular. The closed-loop transfer matrix is defined as 

M ( J ) = [I + G(^)H(5)]-1G(^) (3-37) 

Then Eq. (3-14) is written 

Y ( J ) = M ( » R ( s ) (3-38) 

EXAMPLE 3-1-6 Consider that the forward-path transfer function matrix and the feedback-path transfer function 
matrix of the system shown in Fig. 3-23 are 

G(5) = 

1 1 
.9+1 S 

2 l 

s + 2. 

H(s) = 
1 0 
0 1 

(3-39) 

respectively. The closed-loop transfer function matrix of the system is given by Eq. (3-15), and 
is evaluated as follows: 

I + G(.9)H(.v) = .9+1 

1 + 
s + 2. 

s + 2 __1_ 
S + 1 5 

2 i ± | 
.r + 2J 

(3-40) 

The closed-loop transfer function matrix is 

i - i , M(s) = [I + G(*)H(*)]-JG(5) = £ 

s + 3 1 
s + 2 7 

- 2 * + 2 

s+ 1. . 

s + 1 s 

s + 2. 

where 

A = 
s + 2 s + 3 2 _ s2 + 5s + 2 

s+l s + 2 s~ s(s -+ 1) 

(3-41) 

(3-42) 
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Thus, 

M(s) = s{s+\) 
s2 + 5s + 2 

3.r + 9.9 + 4 
s(s+l)[s + 2) 

i 
£-

1 1 
s 

3s+ 2 
s(s+l)_ 

(3-43) 

< 

3-2 SIGNAL-FLOW GRAPHS (SFGsI 

A signal-flow graph (SFG) may be regarded as a simplified version of a block diagram. The 
SFG was introduced by S. J. Mason [2] for the cause-and-effect representation of linear 
systems that are modeled by algebraic equations. Besides the differences in the physical 
appearance of the SFG and the block diagram, the signal-flow graph is constrained by more 
rigid mathematical rules, whereas the block-diagram notation is more liberal. An SFG may 
be defined as a graphical means of portraying the input-output relationships among the 
variables of a set of linear algebraic equations. 

Consider a linear system that is described by a set of /V algebraic equations: 

yj = ^Zakjyk 7 = 1,2, . . . , N (3-34) 

It should be pointed out that these N equations are written in the form of cause-and-effect 
relations: 

N 
j'th effect — 2 j (gain from k to j) x (&th cause) (3-45) 

or simply 

Output = V^(gain) x (input) (3-46) 

This is the single most important axiom in forming the set of algebraic equations for SFGs. 
When the system is represented by a set of integrodifferential equations, we must first 
transform these into Laplace-transform equations and then rearrange the latter in the form 
of Eq. (3-31), or 

N 
yj(s)=)^GkjiS)Yk(s) j = 1 , 2, ...,AT 

k=\ 

(3-47) 

3-2-1 Basic Elements of an SFG 

When constructing an SFG, junction points, or nodes, are used to represent variables. The 
nodes are connected by line segments called branches, according to the cause-and-effect 
equations. The branches have associated branch gains and directions. A signal can transmit 
through a branch only in the direction of the arrow. In general, given a set of equations 
such as Eq. (3-31) or Eq. (3-47), the construction of the SFG is basically a matter of 
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'[vi 

>i >s Figure 3-24 Signal flow graph of V2 = tfi2yi. 

following through the cause-and-effect relations of each variable in terms of itself and the 
others. For instance, consider that a linear system is represented by the simple algebraic 
equation 

Ji = any\ (3-48) 

where yi is the input, y2 is the output, and ci\2 is the gain, or transmittance, between the two 
variables. The SFG representation of Eq. (3-48) is shown in Fig. 3-24. Notice that the branch 
directing from node y\ (input) to node y2 (output) expresses the dependence of y2 on y i but not 
the reverse. The branch between the input node and the output node should be interpreted as a 
unilateral amplifier with gain a, 2, so when a signal of one unit is applied at the input yi, a signal 
of strength ct\ 2y \ is delivered at node y2. Although algebraically Eq. (3-48) can be written as 

y\ = — y 2 (3-49) 
«12 

the SFG of Fig. 3-24 does not imply this relationship. If Eq. (3-49) is valid as a cause-and-
effect equation, a new SFG should be drawn with y2 as the input and j i as the output. 

EXAMPLE 3-2-1 As an example on the construction of an SFG, consider the following set of algebraic equations: 

>'2 =a\iy\ +0323¾ 

V3 = «23V2 + A43V4 3 5 Q 

>'4 = fl24>*2 + «34>'3 + «44>'4 

>'5 = ^25^2 + «45>'4 

The SFG for these equations is constructed, step by step, in Fig. 3-25. 

3-2-2 Summary of the Basic Properties of SFG 

The important properties of the SFG that have been covered thus far are summarized as 
follows. 

1. SFG applies only to linear systems. 

2. The equations for which an SFG is drawn must be algebraic equations in the form 
of cause-and-effect. 

3 . Nodes are used to represent variables. Normally, the nodes are arranged from left 
to right, from the input to the output, following a succession of cause-and-effect 
relations through the system. 

4. Signals travel along branches only in the direction described by the arrows of the 
branches. 

5. The branch directing from node y^ to yj represents die dependence of >)• upon y^ 
but not the reverse. 

6. A signal y^ traveling along a branch between y^ and yj is multiplied by the gain of 
the branch a^j, so a signal â /V/v- is delivered at yj. 

3-2-3 Definitions of SFG Terms 

In addition to the branches and nodes defined earlier for the SFG, the following terms are 
useful for the purpose of identification and execution of the SFG algebra. 
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(a).y2
 = a i iVi +fl32>*3 

o 
>'5 

>'2 >'3 ?4 

(b) 3'2 = «12?1 + fl32?3 >'3 = a23>'2 + 043¾ 

O 

o 

(C) y 2 = <* 12>'I + «32-v3 >'3 = «23>'2 + fl43>4 >'4 = «24>-2 + «34-v3 + «A&4 

(d) Complete signal-flow graph 

Figure 3-25 Step-by-step construction of the signal-flow graph in Eq. (3-50). 

Input Node (Source): An input node is a node that has only outgoing branches 
(example: node y\ in Fig. 3-24). 

Output Node (Sink): An output node is a node that has only incoming branches: 
(example: node yj in Fig. 3-24). However, this condition is not always readily met by an 
output node. For instance, the SFG in Fig. 3-26(a) does not have a node that satisfies the 
condition of an output node. It may be necessary to regard 3¾ and/or y-$ as output nodes to 
find the effects at these nodes due to the input. To make y2 an output node, we simply 
connect a branch with unity gain from the existing node y% to a new node also designated as 
yi, as shown in Fig. 3-26(b). The same procedure is applied to V3, Notice that, in the 
modified SFG of Fig. 3-26(b), the equations 72 — >'2 and ^3 = y$ are added to the original 
equations. In general, we can make any noninput node of an SFG an output by the 
procedure just illustrated. However, we cannot convert a noninput node into an input node 
by reversing the branch direction of the procedure described for output nodes. For instance, 
node V2 of the SFG in Fig. 3-26(a) is not an input node. If we attempt to convert it into an 
input node by adding an incoming branch with unity gain from another identical node y%, 
the SFG of Fig. 3-27 would result. The equation that portrays the relationship at node >'2 
now reads 

>'2 = yi + a]2y\ 4- 032^3 (3-51) 

which is different from the original equation given in Fig. 3-26(a). 
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(a) Original signal-flow graph 

(b) Modified signal-flow graph 

1 

Figure 3-26 Modification of a 
signal-flow graph so that y% and 
IK satisfy the condition as output 
nodes. 

y3 Figure 3-27 Erroneous way to make node y% an input 
node. 

Path: A path is any collection of a continuous succession of branches traversed in the 
same direction. The definition of a path is entirely general, since it does not prevent any 
node from being traversed more than once. Therefore, as simple as the SFG of Fig. 3-26(a) 
is, it may have numerous paths just by traversing the branches «23 and a^i continuously. 

Forward Path: A forward path is a path that starts at an input node and ends at an 
output node and along which no node is traversed more than once. For example, in the 
SFG of Fig. 3-25(d), y\ is the input node, and the rest of the nodes are all possible output 
nodes. The forward path between y\ and yi is simply the connecting branch between the 
two nodes. There are two forward paths between y\ and yy. One contains the branches from 
y\ to y2 to V3, and the other one contains the branches from y\ to yi to y% (through the 
branch with gain 024) and then back to )¾ (through the branch with gain 043). The reader 
should try to determine the two forward paths between y\ and>'4. Similarly, there are three 
forward paths between y\ and y$. 

Path Gain: The product of the branch gains encountered in traversing a path is called 
the path gain. For example, the path gain for the path y\ —y%~ y\ — y<\ in Fig. 3-25(d) is 
^12^23^34-

Loop: A loop is a path that originates and terminates on the same node and along which 
no other node is encountered more than once. For example, there are four loops in the SFG 
of Fig. 3-25(d). These are shown in Fig. 3-28. 

Forward-Path Gain: The forward-path gain is the path gain of a forward path. 

Loop Gain: The loop gain is the path gain of a loop. For example, the loop gain of the 
loop yj - >'4 — >'3 — >'2 in Fig- 3-28 is fl24«43«32-

Nontouching Loops: Two parts of an SFG are nontouching if they do not share a 
common node. For example, the loops yi — >'3 — yi and >'4 — y^ of the SFG in Fig. 3-25 (d) 
are nontouching loops. 
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V 
>4 

Figure 3-28 Four loops in the signal-flow graph of Fig. 3-25(d). 

Based on the properties of the SFG, we can outline the following manipulation rules and 
algebra: 

1. The value of the variable represented by a node is equal to the sum of all the 
signals entering the node. For the SFG of Fig. 3-29, the value of y\ is equal to the 
sum of the signals transmitted through all the incoming branches; that is, 

y\ = «2172 + ^31^3 + ^41^4 + «51V5 (3-52) 

2. The value of the variable represented by a node is transmitted through all branches 
leaving the node. In the SFG of Fig. 3-29, we have 

ye = «i6.vi 
yi = any i 
>'8 = «18."Vl 

(3-53) 

3. Parallel branches in the same direction connecting two nodes can be replaced by a 
single branch with gain equal to the sum of the gains of the parallel branches. An 
example of this case is illustrated in Fig. 3-30. 

Figure 3-29 Node as a summing point and as a 
transmitting point. 
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a + b + c 
• 

.V] % 

Figure 3-30 Signal-flow graph with parallel paths replaced by one with a single branch. 

«12 

>'i >!2 

«23 

-v3 

«34 

)'4 

a12f l23f l34 
• O 

y\ y* 

Figure 3-31 Signal-flow graph with cascade unidirectional branches replaced by a single branch. 

-H(s) 

Figure 3-32 Signal-flow graph of the feedback control system shown in Fig. 3-8. 

4. A series connection of unidirectional branches, as shown in Fig. 3-31, can be 
replaced by a single branch with gain equal to the product of the branch gains. 

3-2-5 SFG of a Feedback Control System 

The SFG of the single-loop feedback control system in Fig. 3-8 is drawn as shown in Fig. 
3-32. Using the SFG algebra already outlined, the closed-loop transfer function in Eq. 
(3-12) can be obtained. 

3-2-6 Relation between Block Diagrams and SFGs 

The relation between block diagrams and SFGs are tabulated for three important cases, as 
shown in Table 3-1. 

3-2-7 Gain Formula for SFG 

Given an SFG or block diagram, the task of solving for the input-output relations by 
algebraic manipulation could be quite tedious. Fortunately, there is a general gain formula 
available that allows the determination of the input-output relations of an SFG by 
inspection. 
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TABLE 3-1 Block diagrams and their SFG equivalent representations 

Simple Transfer Function 

Y(s) 

U(s] 
= G(s) 

Block Diagram 

U(s) 
G(s) 

Y(s) 

Signal Flow Diagram 

>'i 

G (s) 
— • — 

>'2 

Parallel Feedback 
U (s) 

G, (5) 

G2(s) 

•*• Y{s) U(s) 

G,(s) 

Y(s) 

G,(s) 

Y(s) (7(6) 
R(s) I + G(s)H(s) 

R(s) 

r(t) + ^ u(t) 

m 
B(s) 

G(s) 

H(s) 

Y(s) 

y{» 
R(s) o-

-H(s) 

-o Y(s) 

Given an SFG with / / forward paths and K loops, the gain between the input node } % 
and output node yont is [3] 

JV 

M = yo^ = j2 MjAk 
A y-m k=l 

where 

y,-„ = input-node variable 

yolll = output-node variable 

M = gain between yin and yout 

N = total number of forward paths between y,„ and you, 

Mk = gain of the /cth forward paths between y!n and you, 

A = 1 - J2Ln + Y1LJ2 ~ Y,Lk3 + ' 
i y * 

(3-54) 

(3-55) 

or 

Lmr = gain product of the wth (/« = i,j,k, . . . ) possible combination of r non-
touching loops (1 < r < K). 

A = 1 - (sum of the gains of all individual loops) + (sum of products of gains of all 
possible combinations of two nontouching loops) — (sum of products of gains of 
all possible combinations of three nontouching loops) H 

AA.- = the A for that part of the SFG that is nontouching with the /cth forward path. 
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The gain formula in Eq. (3-54) may seem formidable to use at first glance. However, A 
and A* are the only terms in the formula that could be complicated if the SFG has a large 
number of loops and nontouching loops. 

Care must be taken when applying the gain formula to ensure that it is applied between 
an input node and an output node. 

EXAMPLE 3-2-2 Consider that the closed-loop transfer function Y(s)jR(s) of the SFG in Fig. 3-32 is to be determined 
by use of the gain formula, Eq. (3-54). The following results are obtained by inspection of the SFG: 

1. There is only one forward path between R(s) and Y(s), and the forward-path gain is 

Mi = G(s) (3-56) 

2. There is only one loop; the loop gain is 

Li, =-G(s)H(s) (3-57) 

3 . There are no nontouching loops since there is only one loop. Furthermore, the forward path 
is in touch with the only loop. Thus, A| = 1, and 

A = 1 - L, i = 1 + G(s)H(s) (3-58) 

Using Eq. (3-54), the closed-loop transfer function is written 

y ( J ) = i t f , A 1 G{s) 
R(s) A 1 + G[s)H[s) 

which agrees with Eq. (3-12). 

EXAMPLE 3-2-3 Consider the SFG shown in Fig. 3-25(d). Let us first determine the gain between yj and y5 using the 
gain formula. 

The three forward paths between yj and y$ and the forward-path gains are 

M\ = 012023034045 Forward path: y-\ - >'2 - >'3 - )% - >'5 
A/2 = 012025 Forward path: y\ - )¾ - ys 
My = 012024045 Forward path: yi - >'2 - V4 - Js 

The four loops of the SFG are shown in Fig. 3-28. The loop gains are 

L\ | = «23032 L21 = 034*243 L31 = a24«43«32 L41 = «44 

There is only one pair of nontouching loops; that is, the two loops are 

yi — >'3 - y2 a n d y4 — y4 
Thus, the product of the gains of the two nontouching loops is 

Ll2 = 023032044 (3-60) 

All the loops are in touch with forward paths M\ and My. Thus, Ai = A3 = I. Two of the loops are not 
in touch with forward path M2- These loops are yy — V4 - yy and y4 — V4. Thus, 

A2 = 1 — 034^43 — «44 (3-61) 

Substituting these quantities into Eq. (3-54), we have 

ys M\ A] + M2A2 + My A3 

_ (a 12^23034045) + (^12^25)(1 ~ 034043 ~ 044) + Q12024Q45 

1 — (023032 + 034O43 + 024032043 + O44) + O23032044 

(3-62) 
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where 

A = 1 - ( L M + L 2 , +L3t+Lu) + Li2 

= 1 - («23*32 + «34*43 + «24 «32 «4 3 + «44) + «23«32«44 

The reader should verify that choosing y2 as the output, 

>'2 «12 (1 - «34 «43 - «44 ) 

y\ 

(3-63) 

(3-64) 

where A is given in Eq. (3-63). 

EXAMPLE 3-2-4 Consider the SFG in Fig. 3-33. The following input-output relations are obtained by use of the gain 
formula: 

y2 _ 1 + G3H2 + H4 + G3M2H4 

vi " A 
(3-65) 

^4^01^2(1+^4) 
Vi " A 

(3-66) 

where 

V6 = yi = GXG2G3GA + gi Gs(l + 03^2) 
>'i Ji A 

A = 1 + G|//i + G3//2 + G1G2G3H3 +H4 + G\G3H\H2 

+ GiHiH4 -f- G3//2//4 -H G1G2G3H3H4 + G1G3H1H0H4 

(3-67) 

(3-68) 

Figure 3-33 Signal-flow graph for Example 3-2-4. 

8 Application of the Gain Formula between Output Nodes and Noninput Nodes 

It was pointed out earlier that the gain formula can only be applied between a pair of input 
and output nodes. Often, it is of interest to find the relation between an output-node variable 
and a noninput-node variable. For example, in the SFG of Figure 3-33, it may be of interest 
to find the relation yi/yi, which represents the dependence of yj upon yi, the latter is not 
an input. 
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We can show that, by including an input node, the gain formula can still be applied to 
find the gain between a noninput node and an output node. Let yin be an input and yout be an 
output node of a SFG. The gain, y0\it/y2> where y2 is not an input, may be written as 

y™t -m-A*1fromvi ntoyu m 

yout _ >'in _ A (3-69) 
y2 - n rM,A, | f r o m V i n tOJ'2 

>'in A 

Because A is independent of the inputs and the outputs, the last equation is written 

^out SMk&k\ from vin to y„ 

y2 rM*AA|f r o m >,n t o V 2 

Notice that A does not appear in the last equation. 

EXAMPLE 3-2-5 From the SFG in Fig. 3-33, the gain between y2 and >*7 is written 

>'7 >'?/vi G[G2G3G4+GlG5{\+G3H2) 

(3-70) 

>'2 yih\ \+G?>H2+H4 + G?iH2H4
 ( 3 " ? 1 ) 

3-2-9 Application of the Gain Formula to Block Diagrams 

Because of the similarity between the block diagram and the SFG, the gain formula in Eq. 
(3-54) can directly be applied to the block diagram to determine the transfer function of the 
system. However, in complex systems, to be able to identify all the loops and nontouching 
parts clearly, it may be helpful if an equivalent SFG is drawn for the block diagram first 
before applying the gain formula. 

EXAMPLE 3-2-6 To illustrate how an equivalent SFG of a block diagram is constructed and how the gain formula is 
applied to a block diagram, consider the block diagram shown in Fig. 3-34(a). The equivalent SFG of 
the system is shown in Fig. 3-34(b). Notice that since a node on the SFG is interpreted as the summing 
point of all incoming signals to the node, the negative feedbacks on the block diagram are represented 
by assigning negative gains to the feedback paths on the SFG. First we can identify the forward paths 
and loops in the system and their corresponding gains. That is: 

Forward Path Gains: 1. G{G2Gy, 2. G\G4 

Loop Gains: 1. -G\G2H\; 2. -G2G3//2; 3. -G\G2Gy, 4. -G4H2; 5. -G1G4 

The closed-loop transfer function of the system is obtained by applying Eq. (3-54) to either the block 
diagram or the SFG in Fig. 3-34. That is 

Y(s) _ GjGtfi + GiG* 

R(s) A K ' ] 

where 

A = 1 + GiG2//i + G2G3//2 + GiG2G3 + G4//2 + G1G4 (3-73) 

Similarly, 

E{s) 1 + G! G2 H, + G2G3H2 + GAH2 

R{s) A K ' 

Y(s) = G{G2G^ 1 G,G4 

E{s) 1 + Gi G2HX + G2G3//2 + G4H2 ' 

The last expression is obtained using Eq. (3-70). 
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(a) 

Figure 3-34 (a) Block diagram of a control system, (b) Equivalent signal-flow graph. 

3-2-10 Simplified Gain Formula 

From Example 3-2-6, we can see that all loops and forward paths are touching in this case. 
As a general rule, if there are no nontouching loops and forward paths (e.g., V2 — >'3 — }'2 
and >'4 — y^ in Example 3-2-3) in the block diagram or SFG of the system, then Eq. (3-54) 
takes a far simpler look, as shown next. 

i Forward Path Gains 

Vin jL-~' 1 - Loop Gains 
Redo Examples 3-2-2 through 3-2-6 to confirm the validity of Eq. (3-76). 

(3-76) 

3-3 MATLAB TOOLS AND CASE STUDIES 

There is no specific software developed for this chapter. Although MATLAB Controls 
Toolbox offers functions for finding the transfer functions from a given block diagram, it 
was felt that students may master this subject without referring to a computer. For simple 
operations, however, MATLAB may be used, as shown in the following example. 

EXAMPLE 3-3-1 Consider the following transfer functions, which correspond to the block diagrams shown in Fig. 3-35. 

G'M=JTT' <*«-£? °« =57777- "W = I ° (3-77) 

Use MATLAB to find the transfer function Y(s)/R(s) for each case. The results are as follows. 
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